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STATIC MEAN-FIELD THEORY

The S = 1/2 case

We perform a mean-field decomposition in the KLM written in the form:

H=> ercl cho+ Y si-SitupH > (geszi+9rSzi), )
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where H is the external magnetic field oriented along the z axis, ;15 the Bohr magneton, while g. and gy are the Landé factors.
For simplicity, we consider flat non-interacting conduction-band density of states (DOS):

P2 =1/2D, 2)

where D is the half-bandwidth.
The interaction term for localized spins with S = 1/2 is decomposed in terms of the hybridization operators [1, 2]
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where ¢, f are annihilation operators for itinerant and localized electrons, respectively, and the spin indexes « and 3 range over
spin up and down. The index p ranges over 0, 1,2, 3; the operator o is the identity, while other o* are the Pauli matrices. These
operators are complete in the spin sector 1/2 ® 1/2 = 1 ¢ 0, and therefore the interaction part can be split into:

-8 = (geloe) - (3107) = -/ + /i x @

This expression is exact.

We perform the standard mean-field procedure: AB ~ (A)B + A(B) — (A)(B). We assume that only the singlet part (x°)
is nonzero and we use the U (1) gauge freedom to make (o) real.

The second mean-field decomposition is done in the magnetic channel (assuming the magnetization is along the z axis):

S-S = s.my +MmeS; — Mmemy, 5)
where
me=(s*) and ;= (S%) (6)

are the expectation values of the z component of conduction-band and localized-electron spin. These are proportional to the
magnetization of ¢(f) electrons:

Mf(c) = ~HBIF(e)Mf (0)- )

In order to fix the average number of electrons we introduce the chemical potential ;. We also introduce Lagrangian multipliers
A to enforce the local constraint (ny ;) = 1 on the f electrons:

S Y (Hofio—1). ®)
This constraint is fulfilled only as an average over all f electrons, A\; = A\. We may then perform a FT:
A (Flofee = 1) ©
k o

Thus X plays the role of the effective f level energy: the f level occupancy is controlled by the difference between \ and p.
At constant 4, the thermodynamic potential that we need to minimize is

K(/’% . ) = H(Ntotal; e ) - /’LNtotal =H — M(Nc +Nf) =H- /’LZ (Clacko + fligfka) . (10
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The mean-field thermodynamic potential takes the following wave-vector representation:

Kmr = Z (Cch,o f’i") My <;:Z> ’ ;E()’

ko

where the matrix M}, is
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€ho = €k + €5 = € + Jmf§ + MBQCH§
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The effective field felt by the ¢(f) electrons is given by

~ - Jﬁlf(c)
Hc(f) =H+ —-.
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In general, the equation of motion (EOM) can be written as
2((4,B)) = —(([Kmr, A], B)) + ({[4, B))),
where A, B are arbitrary fermionic operators. We find
ZGcc,ka =1+ (eko - ,u) Gcc,ka - CXOGfC,k(Ta
2Grrhe =14+ (Ao — 1) Grrie — cX0Gef ko,

ZGcf,kJ = (eka - N)Gcf,ka - CXOfo,kav
2Gieke = (Ao — 1)Gieko — X0Gec ko

Note also that G.;(2) = G s.(z), since the matrix M, is symmetric. It follows

(2 — €ko + 11)Gec ko = 1 — cx0G fe ko
(z = Ao + )Gy ko =1 —cxoGef ko,
(2 = €ko + 1)Gef ko = —cX0Gyf ko
(2 = Ao + 1)G pekoe = —cX0Gec, ko

and consequently
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In this approach, writing z = w + 44, the Fermi level corresponds to w = 0. We use a different convention. We absorb p
into z: Z = z + p. Also the Green’s functions take Z as their argument. With this choice, spectral functions are obtained with
replacement Z = w + 9 and there are no explicit x in the expressions for Green’s functions. p only appears as an integration

limit (or in the Fermi-Dirac distribution). We drop writing the tilde in Z in the following.



The quasiparticle band edges are
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In the multiindex (%, o), o is spin, while ¢ enumerates the band edges from the lowest to the highest. Furthermore
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The final closed-form expressions for the spectral functions are

We also have

The energy eigenvalues are

Ek,a

We can derive the system of mean-field equation using the fluctuation-dissipation theorem at 7" = 0:

‘We obtain
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Mean-field equations
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In all integrals, the lower integration limit is —oo, while the upper is the chemical potential .
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For the gap equation we take the symmetrized spectral function

1
ImGeyr(w + 6) + ImGye(w + i0)] = pef.o-

Acf,a = _771_

This gives:
Loet, 4 fo 4ol 1
§<ch¢+chT+f¢c¢+c¢fl> = 52\/5()(()) = (33)

1
Z/dWAfc’“(w) = —cXOZ/dwﬁpc’a(w) (34)

We now assume Yo # 0. Using ¢ = 3.J/(41/2), we finally find the gap equation

. Pe,o(w) _
20:/00 dwm = —8/3.J. (35)

This set of non-linear equations had been previously derived in Refs. [1, 2], while in Ref. [3] a somewhat different mean-field
decoupling was used.

Evaluation of energy

The total energy can be evaluated as

Ecs = (Hur)

= Z <Z clicijk,i]' + E0>
k ij

(36)
nw
= Z Z/ Ay ij(W)Me, s5dw + Eq
k ij YT
We used a symmetrized spectral function
1 1 . 1 )
Aij(w) = 3 [ﬂ_ImGij(w +1id) — ;ImGﬁ(w +1id)|, 37)
since
g Lo ]
| Ao = jicle; + e, a9
Then
E b "
% =FEy+ / p(e)de / Tr[A (w)M.]dw. (39)
—D —00

Note that both A and M have out-of-diagonal matrix elements. Now we use
1 1 1
Tr[A(w)M] = — —ImTr[G(w+i6)M] = ——ImTr[(w+id — M) 'M] = — =ImTr[(w+i6 — M) w] = Tr[A(w)]w, (40)
™ ™ m

which follows from the fact that Im[1/(z — z)] is a delta distribution, and we have used a transformation to the eigenbasis and
back to replace M by w in the third step. Thus, after the integration over e,

E, 12
Pos _pv Y / wdw [pe.s (@) + pr.o(@)]. (41)
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Figure 1. Sketch of the possible placements of the bands with respect to the chemical potential. The phase I correspond to the phase B’, phase
II to the phase A and phase III to the phase B in the DMFT calculations.

We also have

D n
w = /_D p(e)de/ Tr[Ac(w)]dw

— 00

" (42)
=5 [ el + pro] de
thus finally,
Kgs #
V=B S [ el 0 pasled) + po], @3)
We would like to evaluate Eq. (43) for two different cases represented on Fig. 1, namely cases I and 1I:
Kes (ex0)
7—EQ+Z/ dww M <1+()\0)2 ,Ow(w)
Ww—As + Ay
= Eo+ E. + (exo0) Z/ Tpcg(w)
(44)
_E0+E+CXO Z/ dw pca +Z nf,
= Eo+ E. + (cx0)*(—8/3J) +Z 11,0,
where E. = [ foo dw(w — p)pe,o(w) and in the last line we have use the gap equation, see Eq. (35). We need to evaluate
~ O
220 ~mnse =30 (A=t ungsHig ) ngo
o (45)
= A= wns +2ppgrHypmy.
For H = 0, this is equal to
(A= p)ny + Jmemy. (46)
Case I is when w; » < i < wa o for both spin orientations. We can write:
Ee = peo Z[(N2 - w%,o)/Q] — KN (47)
and
Ras _ 352 o me A 2_w? )/2 J
N = X6~ Ty = At peo D [0 = WP ) /2] = pme — X + Z e
= —Jmemy — A+ peo ZW — Wi o)/2] = pne + (A = p)ng + iy (48)

= peo [0 = )12 = b+



where in the second line we have used Eq. (46) and in the last line (ns) = 1.
Case Il is when wy 4+ < 1 < w3+ and only difference is that 4 — wo 4 in integration limit for 1 ¢ electrons. Therefore, the
only difference is in the evaluation of E_:
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The S = 1 case

We next proceed with an analogous treatment for the S = 1 problem. We decompose the interaction term into doublet and
quadruplet terms, 1/2® 1 = 1/2 @ 3/2. We find:

2 4
s°8=—> xhoxai+(1/2)3 x]ixa (50)
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where x4.(Xq,;) are the doublet (i = 1, 2) and the quadruplet (j = 1,2, 3, 4) sets of operators under the spin SU(2) symmetry,
namely:

Xa1 = —V1/3c\fo—2/3clf1,  xaz2=2/3c|f-1+ V/1/3cLfo, (51)

Xa1 = —clf-1, Xg2=—V1/3c[fo1+V2/3clfo, g3 =V2/3c\fo—V1/3c i, xga=—-c[fi. (52

These operators again form a complete set in the spin sector. The decomposition in Eq. (50) is exact.

We focus on the doublet part and set all quadruplet fields to zero, (x, ;) = 0. We explicitly break the SU(2) symmetry by
setting (x4,2) = 0 and use the U(1) gauge freedom to make (x4,1) real. In analogy with the S = 1/2 case, we make a second
mean-field decomposition in the magnetic channel. The mean-field Hamiltonian has a simple wave-vector representation:

Ck,|
- Ck,1
ICMF = Z (C£’¢ CL,T f11771 f];ry() f117+1) Mk fk,—l +ZE07 (53)
k fr0 k
fe41
where the matrix M, L 18
€k,p — [ 0 0 Jxa1/V3 0
0 €kt — M 0 0 \/2/3de’1
0 0 N— 0 0 (54)
Jxa1/V3 0 0 Ao —p 0
0 V2/3Jxa1 O 0 A — p
and
.o o e
€h,o = €k + Jmf§ + MBQCH§ =€+ ,uBchc§7 (55)
i = A+ Jimgi + ppgrHi = X+ ppgyHyi, (56)
Eo = Jx51 — Jimeig — A, (57)
with o = +1,4 = —1,0, 1. The effective field felt by the ¢(f) electrons is given by
. Jiig (e
Hypy = H+ —1 (58)
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The EOMs are

1
(z — €k, T )U’)GCL,k) =1+ \/;JXlef07cl7
2
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(z=Aa+p)Gr,x=1 (59)
1
(z=X+1)Gfye k= \/;JXleCwa

(2 — ek +1)Ge for = \/;JXlefo,fko

and note also that G;; 1 (2) = G 1 (%), while for the diagonal elements we used G;; x(2) = G; 1 (z). Consequently

J 2
(Z - )\0 + M)2Gf0,k = (Z - )‘0 + M) (1 + ( X;I) Gci,k>
(60)

2(Jxa1)?
(Z -\ —&-M)Qthk = (Z -\ —‘ru) (1 + ();dl)GCT,k) .

Once more we absorb p into z: Z = 2 4+ p and drop writing tilde in Z in the following. The quasiparticles band edges w; . are:

3¢, — 3D + 3\, \/9 — D —A\,)2+12F,(Jxa1) )/6

(3 +3D 4 3% — \[9(es + D — Ap)? + 12F, (Jxa,1)?

36, — 3D+ Ay +1/9(er — D — Ap)? + 12F, (Jxa1) )/6
e <Sea+3D+3/\ /9 + D = A)? + 12F, (Jxan) )/6, 61)

where €, has been defined in the section on the S = 1/2 model, while

F(l)y)=2, F(-1)=1. (62)
and, furthermore,
AL = Ao, (63)
A=A (64)
The spectral functions are given by:
4 .

peo(w) =pd Y (1) 710w — wi,), (65)

i=1
pr-1(w) = 8w — A1), (66)
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Phrer (W) = \/g mh (w). (69)

Pioe, (@) = ﬁ mm (). (70)

The f_; must be unoccupied, otherwise the number of f electrons cannot be exactly 1. Thus A_; > p. This also implies that
f—1 must be the highest in energy of the f states, thus m. < 0 and consequently /iy > 0.

The mean-field equations

Using the fluctuaction-dissipation theorem at 7' = 0, we find

ne=y (ches) = / dwpe.qs (W), (71)
l=njy= Z<f3 fi) = Z / dwpyi(w), (72)

_1/22 chey) —1/2Z/de,ocg (73)
iy = Z (flhy = Z / dwpyi(w (74)

For the gap equation we take symmetrized spectral function A, r; = — i ImGep. pi(w+10) +ImG i co (W +30)] = peo:f,is
where Geo. 1i(2) = ((cl; fi)) ., etc. For the evaluation of (1) we will need two off-diagonal spectral functions:

Jx1

lifo = ——21—p. 75

Peifo = 2 3P 1(w) (75)
\/2/3J

Petif1 = Z/_iﬁapcf(w) (76)

The expectation value is
() = 5=V fo + Fe) = VR + flen) = =V [ A jo()de = VB3 [ Aqp(ide @D

= V1B J’“ dwpey /(@ — M) = V2/3/2[3]xa / dwpe(w)/(@ = A1) (78)
~(x/3) [ [ et =30 2073 | [ dwntrsio - x| 19

Finally, we obtain the gap equation:

/dwpw(w)/@ S o)+ z/dwm(w)/(w “ ) = -3/ (80)

This equation has essentially the same structure as the gap equation for the S = 1/2 case.

Evaluation of energy

The total energy can be evaluated in analogy to the S = 1/2 case. We find

% =Eo+Y. /_u dw(w = 1) [pe,o (W) + P io) (W) + (A1 = @)B(w — Ay) 81)
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We evaluate Eq. 81 for two different cases represented on Fig. 1. For case I, E. = pco >.[(1* — wi ) /2] — pne, thus

K
= Peo 318 = WP )/2) + Mngo + np1) = plng +ne) (82)

In the case 11,

2 2 2 2
ne—w )
E. =" ( Ly 227 ”) — pine. (83)

PHASE DIAGRAMSFOR S =1/2AND S =1

We now discuss the different possible mean-field phases for the S = 1/2 and S = 1 Kondo lattice models.

One possible phase is a pure saturated ferromagnetic phase with magnetization my = —g¢ppS and with zero hybridisation,
Xa,1 = 0. If conducting electrons are completely polarized we call it the polar phase and the magnetization of conducting
electrons is then given by

Me,p—1 = /J/Bgcnc/Q- (84)

For intermediate coupling regime, we distinguish between the ferromagnetic phases I, II, and III, which all have a finite value
of the hybridisation parameter X4,1 (thus a spectral gap). They are schematically represented in in Fig. 1. The phase I with the
electron pockets, corresponds to the phase B’ in the DMFT calculations. The phase II with the chemical potential in the gap
corresponds to the DMFT phase A. The numerical results in the phase II clearly indicate that as we lower J the transition into
phase III is expected, but when ;1 > w3 4 we were not able to find convergent solution in the regime of small J, as marked by
the the dashed line in Fig. 2, see also [2]. This phase III would correspond to the phase B in the DMFT calculations, where this
is a stable phase.

The phase boundary between the phase I and II or between the phase II and III is given by the condition

me +my = (25 —n)/2, (85)
for the expectation values of spin z component, which shows plateau behaviour irrespective of the Landé factors or, equivalently,

me/ge +mys/gr = —pup(2S —n)/2. (86)

This is equivalent to the condition that

H= wa(3) 1 (87)

for transition between the phases I— II (II— III).

The pure Kondo singlet (paramagnetic) phase is defined by m. = 0,my = 0, xq,1 7 0. We only find it for S = 1/2. In the
S = 1 model the hole pocket never emerges; instead, the chemical potential becomes attached near the top of the bottom band
for large J. In fact, similar behavior is also observed in the DMFT solutions. The boundary between phase I and the Kondo
phase is determined by the condition

my =m,=0. (88)
The boundary between the phases LI and polar-I is given by the condition

Xd,1 = 0. (89)

We conclude that the qualitative features of the static MF and DMFT phase diagrams are rather similar, except that in the
static mean-field theory the phase III is not stable. The main difference compared to previous works [2—4] is the finding that in
the MF treatment the metamagnetic transition is described by the transition I — II, while in the DMFT there are two different
scenarios for metamagnetic transitions, either the transition I — II or the transition II — III, where only the former is expected
for physically relevant model parameters.
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Figure 2. Ground state phase diagram of the KLM: (a) S = 1/2, (b) S = 1 with Landé factors g. = gy = 1. For the description of phases I,
I1, see the discussion in the text and Fig. 1. Phase Polar-I represent polarized phase with zero hybridisation and Kondo phase is paramagnetic
phase (m. = my = 0.). The dashed line represent the transition into phase where we could not find the convergent solution, but phase III is
expected, see discussion in the text.
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